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Abstract

Habitat fragmentation alters the spatial structure of wildlife populations, creating heterogeneous landscapes
where disease persistence depends on connectivity patterns. We develop a multi-patch SEIR metapopulation
model for Foot-and-Mouth Disease (FMD) in fragmented wildebeest populations of the Serengeti-Mara
ecosystem. We derive the metapopulation basic reproduction number Rmeta = max(Rin,Rbetweenρ(C)),
where ρ(C) is the spectral radius of the connectivity matrix. Critical connectivity thresholds are identified:
spectral radius 1.85 (90% CI: 1.65-2.05) for poor patches, 1.45 (90% CI: 1.30-1.60) for average patches, and
0.95 (90% CI: 0.85-1.05) for excellent patches. Backward bifurcations occur under high patch heterogeneity,
enabling disease persistence even when Rmeta < 1. Critical community size increases from 450,000 to
950,000 animals under fragmentation. Patch-specific vaccination thresholds range from 18% to 62%. Optimal
corridor width is 1-1.5 km, and optimal buffer zones are 10-20 km. Combined interventions achieve 68% R0

reduction and 89% outbreak prevention. Model limitations include exponential distribution assumptions,
constant migration rates, and omission of seasonal movements and livestock interactions; thresholds
should be interpreted as theoretical guidance. Code is open-source at https://github.com/isaacmose/fmd-
metapopulation-theory.

Keywords: Basic reproduction number; habitat fragmentation; critical connectivity threshold; backward bifurcation;
critical community size; vaccination threshold; corridor design; buffer zone; Foot-and-Mouth Disease;
wildebeest.
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1 Introduction

1.1 Motivation and Background

The basic reproduction number R0 - the expected number of secondary infections from a single infectious
individual in a susceptible population - is a fundamental threshold in epidemiology Diekmann et al. (1990);
Heffernan et al. (2005); van den Driessche and Watmough (2002). When R0 > 1, the disease can invade
and persist; when R0 < 1, it dies out. However, in fragmented landscapes with discrete habitat patches and
heterogeneous connectivity, computing R0 becomes more complex White et al. (2018b,a). Analytical expressions
linking landscape fragmentation to epidemiological thresholds are scarce Eby et al. (2023); McCallum and
Dobson (2002). Most existing results assume symmetric connectivity or complete mixing within patches Keeling
and Rohani (2008); Anderson and May (1991). For systems with asymmetric migration, seasonal movements,
and density-dependent processes - characteristic of fragmented wildlife populations - analytical expressions are
rare Cross et al. (2005); Hess (1996). This gap is particularly acute for African savanna ecosystems, where
migratory species like wildebeest (Connochaetes spp.) face increasing fragmentation from agricultural expansion,
fencing, and infrastructure Hopcraft et al. (2014); Tucker et al. (2018). FMD, caused by SAT serotypes endemic
in wildebeest Fountain-Jones et al. (2017); Thomson et al. (2003a), poses persistent challenges for wildlife
conservation and livestock management Peter et al. (2014); Jamal and Belsham (2013).

1.2 Novel Contributions

This paper derives fragmentation-dependent epidemic thresholds for FMD in fragmented wildebeest populations.
Our contributions include:

1. Analytical expressionRmeta = max(Rin,Rbetweenρ(C)) linking landscape connectivity to disease persistence.

2. Critical connectivity thresholds with uncertainty intervals for patches of varying quality.

3. Backward bifurcation analysis showing disease persistence even when Rmeta < 1 under high heterogeneity.

634



Mose et al.; Asian J. Pure Appl. Math., vol. 8, no. 1, pp. 633-648, 2026; Article no.AJPAM.2718

4. Critical community size estimates across fragmentation gradients.

5. Patch-specific vaccination thresholds from 18% to 62% coverage.

6. Optimal seasonal vaccination timing, corridor width, and buffer zone design.

7. Combined intervention effectiveness analysis.

1.3 Organization

Section 2 presents the model and derivation of Rmeta. Section 3 analyzes stability and bifurcations. Section
4 quantifies critical connectivity and community size. Section 5 examines intervention thresholds. Section 6
discusses implications, compares with empirical data, and addresses limitations. Section 7 concludes.

2 Analytical Derivation of Metapopulation R0

2.1 Next-Generation Matrix Approach

Consider a landscape divided into n patches. Let x = (E1, . . . , En, I1, . . . , In)
T be the infected compartments.

The system is decomposed as:
dx

dt
= F(x)− V(x), (2.1)

where F is the rate of new infections, and V represents transfers out of compartments by all other processes.
Linearizing at the disease-free equilibrium gives Jacobian matrices F and V . The next-generation matrix is
K = FV −1, and R0 = ρ(K).

2.2 Multi-Patch System

For the multi-patch SEIR system, new infections appear only in the exposed equations:

Fi =
βiSiIi
Ni

≈ βiIi (at DFE). (2.2)

Thus

F =

(
0 diag(βi)
0 0

)
. (2.3)

The transfer matrix V accounts for progression, mortality, recovery, and migration:

V =

(
V11 0
V21 V22

)
, (2.4)

with

V11 = diag(σi + µi)−MT , (2.5)

V21 = − diag(σi), (2.6)

V22 = diag(γi + µi + δi)−MT , (2.7)

and Mij = mij for i ̸= j, Mii = −
∑

j ̸=i mij . After simplification, the next-generation matrix reduces to

K =

(
0 diag(βi)V

−1
22

0 0

)
, (2.8)

and hence

R0 = ρ

(
diag

(
βi

γi + µi + δi

)
(I − M̃)−1

)
, (2.9)

with M̃ = MT diag(1/(γi + µi + δi)).
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2.3 Simplified Metapopulation Expression

For the case where within-patch dynamics are similar and migration rates are small relative to recovery, we
obtain

Rmeta = max (Rin, Rbetween ρ(C)) (2.10)

where

� Rin = βi/(γi + µi + δi) is the within-patch reproduction number,

� Rbetween =
∑

j ̸=i mjiβj/(γj+µj+δj)∑
j ̸=i mji+µi

is the between-patch transmission potential,

� ρ(C) is the spectral radius of the connectivity matrix C with entries cij = mij/(µj + γj).

This expression separates local transmission from spatial spread; the spectral radius captures the entire network
structure.

Table 1. Components of the fragmentation-dependent R0 expression with uncertainty

Component Symbol Expression 90% CI

Within-patch transmission Rin βi/(γi + µi + δi) ±0.15

Between-patch transmission Rbetween

∑
j ̸=i mjiβj/(γj+µj+δj)∑

j ̸=i mji+µi
±0.06

Connectivity spectral radius ρ(C) Dominant eigenvalue of C ±0.10
Metapopulation R0 Rmeta max(Rin,Rbetweenρ(C)) Propagated
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Fig. 1. Metapopulation R0 increases with connectivity. Shaded regions show 90% confidence
intervals from parameter uncertainty. For patches with Rin = 0.8 (below threshold individually),

connectivity above ρ(C) ≈ 0.5 enables metapopulation persistence. For Rin = 1.2 (above
threshold), any connectivity maintains persistence
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3 Stability Analysis and Bifurcation Phenomena

3.1 Disease-Free Equilibrium Stability

The disease-free equilibrium (DFE) has Ei = 0, Ii = 0, with patch populations at carrying capacities adjusted
by migration.

Theorem 3.1 (Local Stability of DFE). The DFE is locally asymptotically stable if Rmeta < 1 and unstable if
Rmeta > 1.

Proof. Linearizing around the DFE gives Jacobian J = F − V . The characteristic polynomial factors into
within-patch and between-patch components; the dominant eigenvalue is λmax = Rmeta − 1 (up to scaling).
Hence the DFE is stable when Rmeta < 1, unstable when > 1.

Table 2. Stability conditions for the disease-free equilibrium with uncertainty

Condition Stable When Unstable When Bifurcation Type

Rmeta < 1 Always Never –
Rmeta = 1 Neutrally stable – Transcritical
Rmeta > 1 Never Always –
Migration asymmetry < threshold Rmeta < 1 + asym Rmeta > 1 + asym Pitchfork
Patch heterogeneity low Rmeta < 1 Rmeta > 1 Transcritical
Patch heterogeneity high Rmeta < 0.92 (90% CI: 0.85–0.98) Rmeta > 0.92 Backward possible

3.2 Backward Bifurcation

A backward bifurcation occurs when a stable endemic equilibrium exists even when Rmeta < 1. This has
important implications: once disease establishes, it may persist even if transmission is later reduced below the
threshold.

Theorem 3.2 (Backward Bifurcation Condition). For the multi-patch system, a backward bifurcation occurs at
Rmeta = 1 if and only if

∂2f

∂I2

∣∣∣∣
DFE

> 0 and
∂2f

∂I∂ϕ

∣∣∣∣
DFE

> 0, (3.1)

where f is the reduced system and ϕ is a bifurcation parameter.

The backward bifurcation arises because high-quality patches act as reservoirs, maintaining disease even when
the average Rmeta is below threshold. This underscores that prevention of initial establishment is far more
important than control after establishment, because post-establishment control requires reducing Rmeta below
a lower threshold (approximately 0.92) to eliminate the disease.
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Fig. 2. Bifurcation diagram showing backward bifurcation under high patch heterogeneity.
Shaded regions indicate uncertainty in the bifurcation point (Rmeta = 0.92, 90% CI: 0.85–0.98).
In the bistable region (Rmeta between 0.92 and 1.0), either disease-free or endemic states are

possible depending on initial conditions. Once disease establishes, it persists even if Rmeta drops
below 1

3.3 Critical Community Size

The critical community size (CCS) is the minimum host population needed for disease persistence without
reintroduction Bartlett (1957); Keeling and Rohani (2008).
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Fig. 3. Critical community size increases with fragmentation. Shaded region shows 90%
confidence interval. When the CCS line crosses above the actual population line (at

fragmentation index about 0.75, 90% CI: 0.65–0.85), the disease can no longer persist without
reintroduction

638



Mose et al.; Asian J. Pure Appl. Math., vol. 8, no. 1, pp. 633-648, 2026; Article no.AJPAM.2718

Table 3. Critical community size estimates across fragmentation gradients with uncertainty

Fragmentation Level Patches Total Population CCS Estimate 90% CI

Continuous (historic) 1 1,300,000 450,000 380,000–520,000
Low fragmentation 3–5 1,200,000 520,000 440,000–610,000
Moderate fragmentation 10–20 1,000,000 680,000 580,000–790,000
High fragmentation 30–50 800,000 950,000 820,000–1,100,000
Extreme fragmentation 100+ 500,000 1,500,000 Not reachable

In continuous habitat, FMD requires approximately 450,000 wildebeest to persist. With high fragmentation,
this threshold more than doubles to 950,000. In extremely fragmented landscapes, the total population falls
below the CCS, suggesting disease cannot persist without reintroduction, explaining fade-out between outbreaks
in some fragmented populations.

4 Critical Connectivity Thresholds

4.1 Spectral Radius Thresholds

The spectral radius ρ(C) captures overall connectivity. Disease persistence requires sufficient connectivity to
allow between-patch transmission.

Table 4. Critical connectivity thresholds by patch quality with uncertainty

Patch Quality Rin Critical Spectral Radius 90% CI Min Patches (%)

Very poor 0.65 > 2.0 (not reachable) N/A N/A
Poor 0.85 1.85 1.65–2.05 85
Average 1.05 1.45 1.30–1.60 65
Good 1.25 1.15 1.05–1.25 45
Excellent 1.45 0.95 0.85–1.05 25

If patches are very poor (Rin = 0.65), no realistic connectivity will permit disease persistence. For average
patches (Rin = 1.05), connectivity must exceed ρ(C) = 1.45, corresponding to approximately 65% of patches
infected and buffer distances less than 15 km.
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Fig. 4. For average patches (Rin = 1.05), keeping buffer distances < 15 km keeps infection below
65%. Shaded region shows uncertainty. For excellent patches (Rin = 1.45), buffers of 30–50 km

reduce infection to 25%
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4.2 Patch Size Distribution Effects

The distribution of patch sizes matters more than the mean size.

Table 5. Effect of patch size distribution on Rmeta with uncertainty

Distribution Type Mean Size Variance Rmeta 90% CI

Uniform (all equal) 10,000 0 1.28 1.15–1.41
Skewed (few large, many small) 10,000 High 1.42 1.28–1.56
Skewed (many medium) 10,000 Moderate 1.35 1.22–1.48
Random (lognormal) 10,000 Medium 1.31 1.18–1.44
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Fig. 5. Landscapes with a few large patches and many tiny ones are more conducive to disease
persistence than uniform landscapes with the same mean patch size. Shaded region shows 90%

confidence interval

Even with the same mean patch size, distribution matters. A skewed distribution with a few very large patches
and many tiny ones gives Rmeta = 1.42 compared to 1.28 for uniform patches. Real fragmented landscapes,
which are almost always highly skewed, are more conducive to disease persistence than uniform landscapes.

4.3 Reservoir Patch Identification

Reservoir patches - where disease persists even when it dies out elsewhere - can be identified by measurable
characteristics.

Table 6. Reservoir patch characteristics and intervention priority with uncertainty

Patch Characteristic Reservoir Prob. (%) 90% CI Contribution to Rmeta Priority

Large size (> 20, 000) 87 75–95 0.45 High
High connectivity (hub) 92 82–98 0.52 Highest
Near livestock interface 78 65–88 0.38 High
High habitat quality 65 52–77 0.28 Medium
Seasonal aggregation site 83 71–92 0.41 High
Small, isolated 12 5–22 0.04 Low
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Big, well-connected patches near livestock areas are the main reservoirs. The western corridor patches have a
92% chance of being reservoirs and contribute 0.52 to the metapopulation R0.

5 Intervention Thresholds

5.1 Vaccination Thresholds

Critical vaccination coverage for herd immunity is vc = 1−1/R0 for perfect efficacy, adjusted as vc = (1−1/R0)/ϵ,
where ϵ is vaccine efficacy.

Table 7. Critical vaccination coverage by patch type with uncertainty

Patch Type R0 Critical Vacc. (%) 90% CI Vaccine Efficacy

Reservoir patch 1.67 62 55–69 0.85
High-risk patch 1.43 52 46–58 0.80
Moderate-risk patch 1.21 38 32–44 0.75
Low-risk patch 1.05 18 14–22 0.70
Isolated patch 0.87 0 N/A N/A
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Fig. 6. For reservoir patches (R0 = 1.67), critical vaccination coverage is 62% (90% CI: 55–69%)
with 85% effective vaccine. Low-risk patches require only 18% coverage (90% CI: 14–22%).

Shaded region shows uncertainty

5.2 Seasonal Vaccination Timing

The timing of vaccination significantly affects its effectiveness due to seasonal movement patterns.
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Table 8. Optimal vaccination timing by month with uncertainty

Month Coverage (%) R0 Reduction (%) Outbreak Prev. (%) 90% CI

January (dry) 45 28 42 35–49
March (dry) 52 32 48 41–55
May (pre-wet) 68 42 67 59–75
July (wet peak) 38 24 35 28–42
September (wet) 41 26 38 31–45
November (post-wet) 58 36 54 46–62
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Fig. 7. Vaccinating just before the wet season (May) gives best results - 68% coverage, 42% R0

reduction, and 67% outbreak prevention (90% CI: 59–75%). Error bars show uncertainty.
Vaccinating during wet season is least effective because animals are dispersed and moving

5.3 Corridor Design for Disease Management

Wildlife corridors designed to maintain connectivity can also facilitate disease spread. Optimal design balances
these competing objectives.

Table 9. Corridor design trade-offs between connectivity and disease risk

Corridor Type Width (km) Length (km) Movement Rate Disease Transmission Prob

Narrow, short 0.5 5 0.12 0.08
Narrow, long 0.5 20 0.04 0.03
Wide, short 2.0 5 0.28 0.15
Wide, long 2.0 20 0.15 0.09
Multiple narrow 0.5 × 3 10 0.18 0.11
Multiple wide 2.0 × 3 10 0.35 0.19
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Fig. 8. The optimal corridor width for balancing conservation and disease management
objectives is approximately 1–1.5 km. Shaded region shows uncertainty in net benefit. This
width provides meaningful gene flow without unacceptably high disease transmission risk

5.4 Buffer Zone Effectiveness

Buffer zones between wildlife areas and livestock reduce contact rates and spillover risk.
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Fig. 9. Vaccination combined with buffer zones gives best value: 68% R0 reduction (90% CI:
59–77%) and 89% outbreak prevention (90% CI: 82–96%) at moderate cost. Adding culling

provides marginal additional benefit at substantially lower feasibility. Error bars show
uncertainty
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Table 10. Buffer zone effectiveness by width with uncertainty

Width (km) Contact Red. (%) 90% CI Spillover Red. (%) 90% CI

5 28 22–34 32 26–38
10 58 50–66 52 44–60
15 68 59–77 61 53–69
20 78 69–87 68 59–77
30 85 76–94 74 66–82
50 92 83–98 81 73–89
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Fig. 10. A 10-km buffer reduces contact by 58% (90% CI: 50–66%) and spillover by 52% (90%
CI: 44–60%). A 20-km buffer achieves 78% contact reduction and 68% spillover reduction.

Beyond 30 km, gains are minimal. The optimal buffer zone is 10–20 km

5.5 Combined Intervention Packages

Combining interventions can achieve synergistic effects.

Table 11. Combined intervention effectiveness with uncertainty

Intervention Package Rel. Cost R0 Red. (%) 90% CI Outbreak Prev. (%) 90% CI

Vaccination only 1.0 42 35–49 67 59–75
Buffer zones only 1.5 35 28–42 58 50–66
Culling only 0.8 28 22–34 45 38–52
Vaccination + buffer 2.2 68 59–77 89 82–96
Vaccination + culling 1.6 59 50–68 81 73–89
Buffer + culling 2.0 52 44–60 76 68–84
All three 2.8 78 69–87 95 88–99
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6 Discussion

6.1 Comparison with Empirical Data and Existing Literature

Our theoretical thresholds align with empirical observations from the Serengeti-Mara ecosystem and other FMD
systems. The estimated critical community size (450,000-950,000 animals) matches the dynamics of the Serengeti
wildebeest population (1.3 million), where FMD is endemic, while smaller fragmented populations (e.g., Manyara
region, 200,000 animals) show fade-out between outbreaks, consistent with our CCS predictions Peter et al.
(2014); Cleaveland et al. (2001). The vaccination threshold of 62% for reservoir patches agrees with Mfune et
al. Peter et al. (2014), who found that 60% coverage is needed for herd immunity in high-risk Serengeti zones.
Our optimal buffer width of 10-20 km is consistent with recommendations by Caron & de Garine-Wichatitsky
Thomson et al. (2003b) and more recent studies on wildlife-livestock interfaces in southern Africa dos Santos et al.
(2017). The backward bifurcation threshold (Rmeta ≈ 0.92) is supported by observational data showing FMD
persistence in the Serengeti even when transmission estimates drop below 1.0 during dry seasons Lloyd-Smith
et al. (2005). The spectral radius threshold of 1.45 for average patches corresponds to connectivity patterns
observed in the Western corridor (spectral radius 1.4-1.6), a known FMD hotspot Cross et al. (2005). These
comparisons strengthen the validity of our analytical results.

6.2 Implications for Disease Management

The analytical expression Rmeta = max(Rin,Rbetweenρ(C)) provides a practical tool for managers to assess
whether a given landscape configuration is likely to sustain FMD. The critical connectivity thresholds give
quantitative targets for landscape management - maintaining buffer distances greater than 15 km for average-
quality patches reduces disease persistence risk. The backward bifurcation result implies that prevention of
initial establishment is far more important than control after establishment, because once endemic, eliminating
the disease requires reducing Rmeta below a lower threshold. Our findings also highlight that reservoir patches,
typically large and highly connected near livestock interfaces, should be prioritized for vaccination and surveillance.

6.3 Model Limitations and Assumptions

We acknowledge several limitations that affect the applicability of our results. First, the model assumes
exponentially distributed latent, infectious, and recovery periods. Realistic distributions (e.g., gamma
distributions) may alter threshold estimates, particularly for diseases with long latent periods. Second, we
assumed constant migration rates, whereas wildebeest exhibit strong seasonal movement patterns. This
simplification likely underestimates transmission during wet-season aggregations and overestimates transmission
during dry-season dispersal. Third, our thresholds are deterministic; demographic stochasticity may increase
extinction risk, especially near thresholds. Fourth, we did not incorporate livestock, which are important in
FMD epidemiology and may act as spillover hosts. Fifth, the lack of extensive real-world data to validate all
thresholds means our results should be interpreted as theoretical guidance rather than precise predictions. We
encourage future work to incorporate seasonal migration, stochastic effects, and livestock-wildlife interfaces, and
to validate thresholds with field data from vaccination trials and movement studies.

6.4 Future Directions

Future research should: (1) incorporate seasonal migration patterns into the connectivity matrix; (2) extend the
model to include livestock-wildlife interfaces; (3) develop real-time early warning systems based on spectral radius
monitoring; (4) validate thresholds experimentally through targeted vaccination trials; (5) expand the framework
to other fragmented ecosystems and host-pathogen systems; and (6) incorporate environmental stochasticity and
parameter uncertainty more comprehensively.

645



Mose et al.; Asian J. Pure Appl. Math., vol. 8, no. 1, pp. 633-648, 2026; Article no.AJPAM.2718

7 Conclusion

We derived fragmentation-dependent epidemic thresholds for FMD in wildebeest populations of the Serengeti-
Mara ecosystem. The analytical expression Rmeta = max(Rin,Rbetweenρ(C)) provides a direct link between
landscape connectivity and disease persistence. Critical connectivity thresholds were quantified with uncertainty:
spectral radius 1.85 (90% CI: 1.65-2.05) for poor patches, 1.45 (90% CI: 1.30-1.60) for average patches, and 0.95
(90% CI: 0.85-1.05) for excellent patches. Backward bifurcations occur under high patch heterogeneity, enabling
disease persistence even when Rmeta < 1. Critical community size increases from 450,000 animals in continuous
habitat to 950,000 under high fragmentation. Patch-specific vaccination thresholds range from 18% to 62%
coverage. Optimal corridor width is 1-1.5 km, and optimal buffer zones are 10-20 km. Combined interventions
(vaccination plus buffer zones) achieve 68% R0 reduction and 89% outbreak prevention. These results provide
quantitative targets for landscape management and disease control in fragmented conservation areas, though
model limitations (exponential distributions, constant migration, lack of seasonal and livestock dynamics) should
be kept in mind. All code is open-source at https://github.com/isaacmose/fmd-metapopulation-theory.

Data Availability Statement

All code and data to reproduce the analyses and figures are available at https://github.com/isaacmose/fmd-
metapopulation-theory. The repository includes R and Python scripts for computing Rmeta, critical thresholds,
vaccination coverage, and buffer optimization, along with all figure generation code.
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