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INSTRUCTIONS: 

1. Do not write anything on this question paper. 

2. Answer Question ONE (Compulsory) and any other TWO Questions in 

section B. 

QUESTION ONE (30 MARKS) 

a. Differentiate between cluster sampling and two-stage sampling    (4Marks) 

 

b. A population of students whose standard deviation of their number of visits to the dispensary to 

seek medication  is 1.2 is divided into 6 clusters of size 5 and their cluster mean responses 𝑌̅𝑖 per 

cluster are 8, 3, 1, 11, 4 and 7.  

i. Verify that the mean of the cluster means 𝑦̅𝑐𝑙for a sample of 5 clusters is an unbiased 

estimator of the population mean 𝑌̅.      (8 Marks) 

ii. Given further that the intra-class correlation between the elements within a cluster 𝜌 is 

0.6125, estimate the between cluster population variance (Sb
2)and the variance of the 

means of the cluster means (𝑉𝑎𝑟(𝑦̅𝑐𝑙))      (4 Marks) 

iii. Assuming that the sample of 5 is large enough for the population of 6, estimate the 

relative efficiency of cluster sampling over simple random sampling without replacement. 

Hence state the condition to hold true for cluster sampling to be more efficient.  

(4 marks) 
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c. In a study of plant disease, the plants were grown in 160 small plots containing 9 plants each. A 

random sample of 40 plots was chosen and three random plants in each sampled plot were 

examined for the presence of disease. It was found that 22 pots had no diseased plant (out of 

three). 11 had one disease, 4 had two diseases and 3 had three diseases.  

Estimate the proportion of diseased plants and its standard error.    (10 Marks) 

QUESTION TWO (20 MARKS) 

a. In the implementation of cluster sampling, the whole population is divided into clusters (N) which 

are treated as sampling units from which a sample of clusters (n) is selected. 

i. Show that its more precise while selecting the sample of n clusters to employ simple 

random sampling without replacement than simple random sampling with replacement. 

(10 marks) 

ii. Show that the relative efficiency of cluster sampling over simple random sampling 

without replacement is: 

𝐸 =
1

𝑁𝑀−1
[

𝑁(𝑀−1)

𝑀

𝑆̅𝑤
2

𝑆𝑏
2 + (𝑁 − 1)]        

where ∶ 

S̅w
2 = mean sum of squares within a clister in the population 

Sb
2 = mean sum of squares between cluster means in the population (10 Marks) 

QUESTION THREE (20 MARKS) 

In two-stage sampling, n units and m subunits from each chosen unit are selected by simple random 

sampling. If 𝑦̿is the over − all sample mean per subunit, show that; 

a. 𝑦̿ is an unbiased estimate of 𝑌̿       (3 Marks) 

 

b. 𝑉(𝑦̿) = (
𝑁−𝑛

𝑁
)

𝑆1
2

𝑛
+ (

𝑀−𝑚

𝑀
)

𝑆2
2

𝑚𝑛
       (10 Marks) 

 

c. The unbiased estimate of  

𝑉(𝑦̿) = (1 − 𝑓1)
𝑆1

2

𝑛
+ (1 − 𝑓2)

𝑆2
2

𝑚𝑛
 

 

is 

 

𝑣(𝑦̿) = (1 − 𝑓1)
𝑠1

2

𝑛
+ 𝑓1(1 − 𝑓2)

𝑠2
2

𝑚𝑛
 

 

Where: 

𝑓1 =
𝑛

𝑁
,  𝑓2 =

𝑚

𝑀
,𝑆1

2 =
∑ (𝑦̅𝑖−𝑦̿)2𝑛

𝑖=1

𝑛−1
 and 𝑆2

2 =
∑ ∑ (𝑦𝑖𝑗−𝑦̅𝑖)𝑚

𝑗=1
2𝑛

𝑖=1

𝑛(𝑚−1)
   (7 Marks) 
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QUESTION FOUR (20 MARKS) 

Under the regression method of estimation, the regression estimator of 𝑌̅ is given by: 

𝑌̂̅𝑟𝑒𝑔 = 𝑦̅ + 𝛽(𝑋̅ − 𝑥̅). For pre assigned value of 𝛽 say 𝛽0 

a) Show that  𝑌̂̅𝑟𝑒𝑔 is an unbiased estimator of 𝑌̅     (2 Marks) 

 

b) Show that 𝑉𝑎𝑟(𝑌̂̅𝑟𝑒𝑔) =
𝑓

𝑛
[𝑆𝑌

2 + 𝛽0
2𝑆𝑋

2 − 2𝛽0𝜌𝑆𝑋𝑆𝑌]     (10 Marks) 

Where; 

𝑓 =
𝑁−𝑛

𝑁
, 

𝑆𝑋
2 =

1

𝑁 − 1
∑(𝑋𝑖 − 𝑋̅)2

𝑁

𝑖=1

 

𝑆𝑌
2 =

1

𝑁 − 1
∑(𝑌𝑖 − 𝑌̅)2

𝑁

𝑖=1

 

𝜌: Correlation coefficient between X and Y 

 

c) Compare 𝑉𝑎𝑟(𝑌̂̅𝑟𝑒𝑔)with 𝑉𝑎𝑟(𝑦̅) and state the condition(s) under which the regression 

estimator is better than the sample mean under simple random sampling without replacement 

            (8 Marks) 

QUESTION FIVE (20MARKS) 

a) An experienced farmer makes an eye estimate of the weight of peaches 𝑥𝑖 on each tree in an 

orchard of N=200 trees. He finds a total weight of 11600kg. the peaches are picked and 

weighed on a simple random sample of 10 trees and the following results were obtained: 

 Tree Number 

 1 2 3 4 5 6 7 8 9 10 

Actual wt(𝒚𝒊) 61 42 50 58 67 45 39 57 71 53 

Est. wt (𝒙𝒊) 59 47 52 60 67 48 44 58 76 58 

As an estimate of the total actual weight Y, we take  𝑌̂ = 𝑁[𝑋̅ + (𝑦̅ − 𝑥̅)] 

Compute the estimate and find its standard error     (7 Marks) 

b) If a population is divided into N homogeneous clusters each having M elements with an 

intra-class correlation of 𝜌. Show that: 

i. Sb
2 =

(𝑀𝑁−1)

𝑀2(𝑁−1)
[1 + (𝑀 − 1)𝜌]      (9 Marks) 

ii. for large N, 𝑉𝑎𝑟(𝑦̅𝑐𝑙) ≈
𝑆2

𝑛𝑀
[1 + (𝑀 − 1)𝜌]     (4 Marks) 


